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Abstract. We consider the motion of incompressible viscous non-homo- 
geneous fluid described by the Navier-Stokes equations in a bounded cylin- 
der O under boundary slip conditions. Assume that the xa-axis is the axis 
of the cylinder. Let q be the density of the fluid, v - the velocity and / the 
external force fleld. Assuming that quantities V^(0), 9x3't'(0), c^xa/, /sl^n 
are sufficiently small in some norms we prove large time regular solutions 
such that V e if2+«'i+V2(o x (0,T)), Vp G H'^'/'^iVt x (0,T)), \ <s<l 
without any restriction on the existence time T. The proof is divided into 
two parts. First an a priori estimate is shown. Next the existence follows 
from the Leray-Schauder fixed point theorem. 
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1. Introduction 



We consider the motion of a viscous non-homogeneous incompressible 
fluid described by the following system 

g{v^t + v-Wv)- div T{v, p) = gf in Q'^ = Q x (0, T) , 

divv = in fi"^, 

g,t + v-'^Q — in n^, 

(1.1) vn = on = S X {0,T), 
n ■ T{v, p) ■ fa + Sii^v - fa = 0, a = 1,2, on Sf , i = 1,2, 
v\t=o = vo in Q, 

Q\t=o = Qo in 0., 

where C M"^ is a bounded cylindrical domain, S = dfl is the boundary 
of fl, V = {vi{x,t),V2{x,t),vs{x,t)) e is the velocity of the fluid, g = 
g{x,t) e ]R+ the density, p = p{x,t) e R the pressure, / = {fi{x,t), 
f2{x, t), fs{x, t)) e the external force fleld and x = {xi,X2, x^) are the 
Cartesian coordinates. Moreover, n is the unit outward vector normal to 
S, fi, i = 1,2, arc tangent vectors to S and the dot denotes the scalar 
product in R^. Finally 7 > is the constant slip coefficient and Sij is the 
Kronecker 5. 

By T{v,p) we denote the stress tensor of the form 

(1.2) T{v,p) = vTDiv) -pi, 

where u is the constant viscosity coefficient, I is the unit matrix and D(v) 
is the dilatation tensor of the form 

(1-3) ^{v) = {Vi,x^ + •i^j,a;Ji,i=l,2,3- 

Q is cylindrical domain parallel to the a^s-axis with arbitrary cross section. 
We assume that ^ = US'2, where Si is the part of the boundary parallel 
to the a;3-axis and S2 is perpendicular to ^3. Hence, 



(1-4) 



= {x G R^ : ip{xi,X2) = Co, —a < X3 < a}, 
82 = {x eM.^ : i'{xi,X2) < Co, X3 e {-a, a}}. 



where a and cq are given positive numbers and i(^{xi,X2) = cq describes a 
sufficiently smooth closed curve in the plane X3 = const. 
Now we formulate the main result of this paper 
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Theorem A. Assume that 

1. vo e H^+'{Q), vo,,, e H\n), s e (1/2, l); 

2. go e W^in), 3<q< s e (1/2, 1); 

3. there exist positive constants < < g* such that g* < go < g*; 

4. fe H^'^/^n^), /,,3 e L,{n^), s e (1/2, l); 

5. the quantity 

^(T) = \\gO,x\\w^{n) + ||/,X3l|L2(0,T;Le/5(n)) 

+ \\vo,x3\\L2m + I|/3||l2(0,T;L4/3(S2)) ^ ^ 

where 5 is sufRciently small. 
Then there exists a unique solution to problem (1.1) such that 

11^11^2+-. i+«/2(n^) + lb,a;3llH2.i(nr) + ||Vp||h^,^/2(qt) 
+ l|Vp,a;3l|L2(nT) < (p{g^,g*,N) 

where (f is an increasing positive function and 

N = 11/11//-. -/2(nT) + ||/,x3llL2(f2T) + ||/||L2(0,T;VKgi/g(n)) 

+ lbo||i/i+«(n) + lbo,a;3lli/i(n)- 



The result formulated in Theorem A describes a long time existence of 
solutions to problem (1.1) because the smallness condition (1.4) contains 
at most time integral norms of /. 

The aim of this paper is to prove long time existence of regular solutions 
to problem (1.1) such that there is no restriction on the magnitudes of 
the external force, the initial velocity and the density. The aim is covered 
by the smallness restriction (1.4) because it contains derivatives of the 
initial density and derivatives with respect to ^3 of the initial velocity 
and the external force. This kind of restrictions suggests that our solution 
remains close to two-dimensional solutions of incompressible Navier-Stokes 
equations because the initial density is close to a constant but the initial 
velocity and the external force change a little in the X3-direction. In 
view of the result on long time existence of solutions to two-dimensional 
incompressible nonhomogeneous Navier-Stokes equations (see [AKM, Ch. 
3]) we could expect that smallness of go^x can be replaced by smallness of 
go,x3 only. 

However, up to now, we do not know how to do it. 
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One could expect that looking for solutions close to two-dimensional so- 
lutions is nothing to do comparing with [AKM, Ch. 3]. But it is to- 
tally not true because we need three-dimensional imbeddings, solvability 
of three-dimensional problems and apply the three-dimensional technique 
of Sobolev and Sobolev-Slobodetski spaces. 

Moreover, we have to mention that many techniques used in this 
paper were developed in [Z2, Z3, Z4, RZ] in the case of a constant density. 

The next step in our considerations will be a global existence result 
which can be proved by extending [Z4, NZl] to the nonhomogeneous fluids. 

Finally we expect an existence of global attractor by applying the 
technique of [NZ2]. 

Many results on existence and estimates of weak solutions to nonho- 
mogeneous incompressible Navier-Stokes equations can be found in [P]. 



2. Notation 

We use isotropic and anisotropic Lebesgue spaces Lp{Q), Q G {fi'^, 
5^, S}, p e [1, oo]; Lq{0, T; Lp{Q)), Q e (Q, S}, p,q e [1, oo]; isotropic 
and anisotropic Sobolev spaces with the norms 

i/p 



\a\<s'Q 



and 



J2 J \D^d^'^fdxd?j , s even. 



\a\+2a<SQT 



where = d^^d^^d^^, \a\ = ai + + as, a,ai e N U {0} = No, 
i = 1, 2, 3, Q e {n, S},seN,pe [1, oo]. 
In the case p = 2 we use the notation 

Moreover, L^iQ) = H^{Q), Lp{Q) = W^jiQ), Lp{Q^) = W^''{Q^). 
Next we introduce a space natural for examining weak solutions to the 
Navier-Stokes and parabolic equations 

ll^llvfcffi^) = \ u- ll^llvfcmT) = ess sup ||'u(t)||H'=(n) 
L te[o,T] 

+ ( / l|Vw||^fe(n)C^t) <ooJ>, keNo. 
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In the case of noneven s spaces W^(Q) and Wp'^^'^{Q'^) are defined as sets 
of functions with the finite norms, respectively, 

ll^llw^p^(Q) = { J2 \D^u{x)\Pdx 

J J W — a;'K+P(«-W) 

and 



j \D^d^u\Pdxdt 

\a\+2a<[s]QT 



Z-^ / / / Wr _ ^/ n+p{s-[s]) 



X — a;'|'^+P(s-W) 

1/p 



\a\+2a=[s] Q Q 
|a|+2o=[s]Q 



where Q C M", [s] the integer parts of s. 

In the case where either s = [s] or | = [|] the corresponding fractional 
derivatives vanish. For Q — S the above norms are defined by applying a 
partition of unity. 

Theorems of imbedding and interpolation for above spaces can be 
found in [BIN]. 

By C°'{^^) we denote a space of functions with the finite seminorm 



|tt|| • = sup sup 



\u{x, t) — u{x' , t')\ 


\x — x'\ 


1" + 


\t-t'\ 


a 



where a e (0, 1). 

By c we denote a generic constant which changes its value from formula 
to formula. In general c depends on constants of imbcddings, on functions 
describing the boundary, but it does not depend on data. By (/? we denote 
a generic function which depends on data, changes its form from formula 
to formula and is always positive increasing function of its arguments. 

The dependence of ip on data will be always expressed explicitly. 

To simplify presentation we use the notation 

qI = life II Loo (fi^)- 
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Let us consider the Stokes system 

Vt — dwT{v,p) — f' in O'^, 

div V = in ^l^ , 

(2.1) vn = on S^, 

l/fi ■^{v) ■ fa + Sii^V ■ fa = ha, Q! = 1, 2, On Sf , i = 1, 2, 

v\t^o = vo in Q. 

Prom [Z3] we have 

Lemma 2.1. Assume that /' G W^2''/'(0^), /i, G W^2'+'/'''/'+'/^(5'^), 
a = 1, 2, s G M+ U {0}, Vq G ^2+^(0), S G wiiere [s] is tie integer 

part of s. Then there exists a unique solution to problem (2.1) such that 
V G W^2'^'''/'+'(0^), Vp G iy2''^'(^^^) and 



(2.2) 



\v\ 

■•""2 



^ ^(\\}'\\w^''>/''{nT) + lbo|lwA|+i(n) + ^ ||/ia||^.+i/2,./2+i/4^g^^). 



a=l 



After small modifications of the proof from [Al] we have 

Lemma 2.2. Assume that f G Lrifl'^), ha G Wr~^^'''^^^'^^^''{S'^), r G 
(1, oo), 5 G C^, vo G Wr~^^''{n). 

Then there exists a solution to problem (2.1) such that v G W^'^{'D,'^), 
Vp G L^(n^) and 



(2.3) 



Mwyin-T) + l|Vp||L^(nT) < c(^||/'||i^(nT) 

+ \\ha\\yir^-l/r,l/2-l/2r^g^^ + ll-^O || ^^2-2/.^^^ A 

a=l ^ 



Let us consider the problem 

gvt - divT(t),p) = gf in fi^, 

divv = in ft^ , 

(2.4) •i;-n = on 5^, 

vn ■ D(w) • Tq + Sii^v ■ fa — Q, a — 1,2, on S'^ , i = 1,2, 

v\t=o = Vo in Q. 

Using a partition of unity, next the result from [Al] in the half-space and 
finally applying a perturbation argument we have 
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Lemma 2.3. Let the assumptions of Lemma 2.2 hold. Let g e C"(fi^), 
a e (0,1), Q,1/q e Loo(fi^), V£> e Loo(fi^) a^d tiere exist positive 

constants < < g* such that g^ < g < g* . Let v G Lr{fl'^), p G 
Lr (fi^) • Then for solutions to problem (2.4) the following inequality holds 

IHw^^'^QT) + Wp\\l,{qt) < (p{g^, g*, \\V g\\L^^QT^)[\\v\\L^^QT^ 
(2-5) 11 , 

By a partition of unity and the result from [Z3] in the half-space a per- 
turbation argument implies 

Lemma 2.4. Let the assumptions of Lemma 2.1 be satisfied. Let 

Qx, Qt G L<x{'^'^) cLnd let there exist positive constants < g^ < g* 
such that g^ < g < g*. Let s G M+ U {0} and let g G W^^^^{n'^). Let 
V G L2(0^) and p G '^^^(fi^). Then there exists a solution to problem 
(2.4) such that V G W^2+^''/^+^(n^), Vp G W^'^^^in^), s G (0, 1) and 

(2.6) < (p{g^, g*){l + \\da;g\\L^{nT) + \\dtg\\L^(QT)) 

■ [ll'f^llLaCnT) + lbll//«,«/2(nT) + ||/'||i/«,«/2(j2T) + ||t'o||Hi+«(n)], 
where is the generic function. 



3. Auxiliary results 

This section is devoted to obtain some a priori estimates for solutions 
to problem (1.1). Therefore, we assume existence of such solutions to (1.1) 
that the derived estimates can be satisfied. 

First we introduce weak solutions 

Definition 3.1. By a weak solution to problem (1.1) we mean v G 
1^2° (^^^) 5 Q e Loo{^'^) such that divv = v • n\s = and satisfying 
the integral identities 

[-gv(f)t - gv^v - ^4) + ^D(w) • B{(f))]dxdt 
(3 J) + 7 y" V • fa0 • fadSi - J goVo(l)\t^odx = J gfcpdxdt, 

J [gip^t + Qv • 'V'ip]dxdt + J goiplt^odx = 0, 
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for any 0,V' e W^jlifl'^) such that cf) ■ n\s = 0, div0 = 0, 0(T) = 0, 
ip{T) = and the summation convenction over the repeated indices is 
assumed. 

We need the Korn inequahty 
Lemma 3.2. (see [Zl]) Assume that 

(3.2) Eo(i;) = ||D(i;)||i^(j,) <oo, v-n\s = 0, divv = 0. 
If Q, is not axially symmetric there exists a constant ci such that 

(3.3) \\v\\jji(^^-^) <ciEu{v). 

If O is axially symmetric, r] = (— X2, xi,0), a — JqV ■ rjdx is bounded then 
there exists a constant ci such that 

(3.4) hfm(si)<(^i{^^{^)^ Jv-r]dxy 

n 

Let us consider the problem 

Qt + v-Vp = in n'^, 

(3.5) 

Q\t=o = Qo in Q. 

Lemma 3.3. Let go e Lp{Q,), p e R \ {0}, div v = 0, v ■ n\s = 0. Assume 
that there exists a sufRciently regular solution to problem (3.5). Then the 
a priori equality holds 

(3-6) \\Q\\L^{o,T;Lj,{n)) = \\Qo\\Lp(n)- 

Proof. Let p < 1 and g E 0^(0.'^). Multiplying (3.5) by g\g\P-'^ and 
integrating over yields, by the density argument, the equality 

\\Q\\ciO,T;Lp{Q)) = \\Qo\\Lp{Q)- 

Hence (3.6) holds. 

For p < 1, p ^ we assume additionally that g, go are different from zero. 
Hence, performing the same considerations as in the case p > 1, we obtain 
the same equality as above. Finally, (3.6) also holds for p < 1, p ^0. This 
concludes the proof. 

Remark 3.4. We can pass with p to +oo and —oo in (3.6). Let g^, g* 
be positive constants such that 

(3.7) g* < go< g*- 
Then (3.6) implies 

(3.8) g*<g{x,t)<g*. 
Next we formulate a result about weak solutions 
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Lemma 3.5. Assume that Q is not axially symmetric. Assume that 
f e Li(0,T; L2(n)), vq G L2{^), Qq, — & Loo{^)- Assume that there exist 
constants g^, g* described in Remark 3.4 and (3.7) holds. Then a weak 
solution to problem (1.1) is such that v G ^2^(17-^) and g* < g{x,t) < g*. 
Moreover, we have the a priori estimates 

(3.9) \\vmL,in) < (j^^ ^ di = d2, t< T, 



fg*V'^ 

(3.10) ll'^ll'^^2°("*) ^ I ^ ) ^1=^3, t<T, 

where C3 = min (|^*, vci) and 

(3-11) di{T) = ||/||Li(o,T;L2(f7)) + \\vo\\L2{n). 



Proof. Assume that we have the existence of sufficiently regular solutions 
to (1.1). Multiplying (l.l)i by v., integrating over VL and using (1.1)2,3,4 
yields 

(3-12) ^||IV^t^|lL(n)+7ll»(^)llL(0)+7 / \v-f^\''dS,^ j gf-vdx. 

Omitting the second and the third terms on the l.h.s. and applying the 
Holder inequality to the r.h.s. implies 

^^llv^^llL(n) ^ \\VQf\\L^m\\\^'"\\L2{n)- 

Hence we get 

(3.13) j^Mvh^in) < WVQfh^in). 
Integrating (3.13) with respect to time yields 

(3.14) \\y/Qv{t)\\L2^n) < \\y/gf\\L^{o,T-L2m + \\y/QoVo\\L2m, 



where t < T. 

Using (3.7) and (3.8) in (3.14) gives (3.9). 
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Integrating (3.12) with respect to time and using (3.3) we obtain 



^llv^^llL(n) +^^Ci f \\vfH^a)dt' < \\y/gf\\L,(0,t;L^iQ)) 

(3.15) 

• ess sup \\y/gv\\L^(^Q) + 2 llv^^o||i2(n)- 



t'<t 



In view of (3.14), (3.7) and (3.8) we have (3.10). This concludes the proof. 

To prove the existence with large data we follow the ideas developed in 
[RZ, Z2,Z4]. therefore we introduce the quantities 

(3.16) h = v,xz, q = P,x3, 9 = f,x3, X=(rotw)3, F= (rot 7)3. 

Lemma 3.6. Let v, g be given. Then {h, q) is a solution to the problem 

gh^t — divT(/i, q) = —g{v ■ Vh + h ■ Vv — g) 

- Q,X3 {v,t + v-Vv- f) in fi^, 

div/i = in Q'^ , 

(3.17) h-n = 0, n ■T{h,q) ■ fa + ■ fa = 0, a = 1,2, on Sf , 
hi = 0, 1=1,2, /i3^3.3 = on S2, 
<l\s2 = Qfs on S2, 
h\t=Q = /i(0) in Q. 



Proof. (3.17)1^2,3,6 follow directly from (1.1)1,2,4,5,6 by differentiation with 
respect to ^3. Similarly as in [Z2] we show the boundary condition (3.17)4. 
This ends the proof. 

To formulate problem for x we introduce 



(3.18) fi\s, = = p^(-^,.„V',.„0), 

f2|si = (0,0,1), 

n|s, = (0,0,1), fils, = (1,0,0), f2|5, = (0,1,0). 
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Lemma 3.7. Let g, v, h be given. Then x is a solution to the problem 



Q{x,t + V ■ Vx) - z^Ax = g{F + xhs - Vz^^^h2 + v^^^^hi) 

+ Q,xA'^2,t + v ■Vv2 + f2) - Q,x2{'^i,t + v -Vvi^ fi) in n'^, 

X = Viini^XjTij + Tu,xjnj) + V ■ fl{n2,xi - ni.Ka) 



where the summation convention over the repeated indices is assumed. 

Proof. (3.19)1 follows from applying two-dimensional rot operator to the 
first two equations of (l.l)i. The boundary condition (3.19)2 was proved 
in [Z2]. This ends the proof. 

To apply the energy type method to problem (3.19) we need 

Lemma 3.8. Let x satisfy (3.19). Let x be a solution to the problem 



(3.19) 



X,X3 = 

xk=o = x(0) 



on S^, 

on S2, 
in Q, 



(3.20) 



QX,t - J^Ax = in J]^, 

X = X* on Sf, 

X,X3 =0 on S2, 

x\t=o = in Q.. 



Then the function x' = x~ X satisfies 



(3.21) 



Qix't + V ■ Vx') - y^x' 

= q{F + xhs - V3,xih2 + vs,x2hi - v ■ Vx) 

+ Q,xi{f2 + V2,t + V ■ VV2) 

- Q,x2{fi + vi,t + v - Vvi) 



X'isi =0, 

X, as 1^2 ~ 0) 

X'|t=o = x(0). 



Let us consider problem (3.5). Then we have 
Lemma 3.9. Assume that v e W^l '^''^(0^), s > 



\. Let 



(3.22) 



^i = lkx(0)||L^(n) + ||^t(0)|U^(O). 
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Then the following a priori estimate is valid 



(3.23) 

where 
(3.24) 



a < 1 — 1/p, p < oo, 



\\q\\» = sup 

t,t'e(o,T) 



\g{x,t) - g{x',t')\ 


\x — x' 


a + 


t-t' 


a 



where \x — x'\ = Yl^=i ~ 



Proof. For solutions to problem (3.5) we have 

^llfollLp(n) < ||t'a;|Uo„(n)|ba;||Lp(n), 

for any p > 1. 

Integrating with respect to time yields 



(3.25) Wg.mL^in) < (/ \\Mt')\\L^mdt'^ ||^.(0)||L,(n), 



where p E [1, c>o]. 
From (3.5) 1 we obtain 

(3-26) \\0t{t)\\LUn) < \\v\\L^^QT^\\gx\\L^{n)- 

Let us consider the expression 



sup ^ 



< sup 

f ,t'e[o,T 



\g{x,t) - g{x',t')\ 

\Xi - x'^l'^-'^/p + |t-t'|i-Vp 

,3^2,3^3,^1 - Q{x'i,X2,X3,t)\ 
1^ ^> ll-l/w 



\g{x[,X2,X3,t) - g{x[,x'2,X3,t)\ 

I I 1 _1 /m 



\Xi — X\ I 

c'|i-Vp 



+ 



(3.27) ^ |a;2-4|i-VP 

\g{x'^,x'2,X3,t) - g{x'^,x'2,x'3,t)\ \g{x',t) - g{x',t')\ 

r 3 / N 1/p / * X l/p-| 

j \QA''dt^ 



< sup 

t,t'G[0,T] 



3 

E( / \Q,..\'dx., 
< c(||fo||L^(nT) 



i + 



+ IktllLoc(nT)). 
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Using the imbedding 

(3.28) IbllL^(nT) + ||Wa;||L2(0,T;Loc(fi)) < c||w||^^|../2^^t) 

for s > f , we obtain from (3.25)-(3.27) estimate (3.23). This concludes 
the proof. 

Lemma 3.10. Let g and v be given and sufEciently regular. Assume also 
that vectors n, fa, a = 1,2, are defined in a neighbourhood of S and ttap, 
a depend on D^n, D^fa, a = 1,2, a < 2. Then p is a solution to the 
problem 
(3.29) 

Ap = — V^i • vt — div {gv ■ Wv) + div (gf) in Q, 
dp 



dn 



= {gviVjUj^xi + i^ajocpVr^^rp + i^CLj ■v + sf ■n)\sj, j = 1, 2, 



J pdx = 0, 
n 

where the last equation was added to have uniqueness of solutions to 
(3.29). 

Proof. Applying div to (l.l)i we get (3.29)i. Multiplying (l.l)i by n and 
projecting on S we obtain the boundary condition 



dp 

(3.30) dn 



= {—gn ■ Vt — griiV ■ Vvi + vn ■ Av + gf ■ n)\s 

s 

= {gviVjfij^Xi +iyn- Av + gf ■ n)\s = I, 



where we used that v • n\s = and the summation convention over the 
repeated indices is assumed. 

Now we calculate n ■ Av\s- Let us introduce the curvilinear coordinates 
n, Tct, a = 1,2, connected with the orthonormal system of vectors n, f^, 
a — 1,2. Then we calculate 

Av = V^XiXi = {p^n'^,Xi + V^T^Ta^Xi) ,Xi 

By the properties of curvilinear coordinates such that n||Vn, fallVra, 
n • fa = 0, fa • Tg = a, /3 = 1, 2, we have 

Av = J = V^nn + V,Tc,To, + V,nAn + At^, 
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where we used that n^Xi'i^'Xi = 1; '^a,Xi'Tp,Xi = <^a/3) oc, P = 1,2. 
Expressing the equation of continuity in the curvihnear coordinates we 
have 

(3.32) div V = Vn,n + f ndiv n + Vr„ + div fa = 0, 
where Vn = v ■ n, = v • fa, a = 1,2. 

Next we formulate the second boundary condition (1.1)5 in the curvihnear 
coordinates 

(3.33) Vr^^n-VjTja,n-Vini^ra,+5ij-fVr^ =0 On Sj, j = 1,2, a = 1,2. 

Now, we calculate 

n- Av\s= {Vn,nn - n,nn ' V - 2n,n • V^n + Vn,Tc.Tc, 

- "',TcTc • V - 2n^r^ ■ + n • v,nAn + n ■ ATa)|5 

— ('^n,nn '^,nn ' 277.^,^, • {VfiTl + Vq-^Ta) ,n '^jTcTc ' 
^2 - 2n,r„ • {Vnfi + Vrpfp),r„ + {Vn,n ' n,n ' v)An 

- ^,r„ ■ •t'ATa)|s 



- ^,r„r„ ■ V - 2n,r^ ■ fpV^^^r^ - 2n,rJp,T^Vr^ 
+ {Vn,n - n,n ' v)An - n^r^ ■ vATa)\s- 

From (3.32) we calculate 

,^ Vn,nn = -Vn,ndiv n - Vr„,T„n - Vr„,ndwfa 

(3.35) 

- Vn(divn),n - Vr^idiv Ta) ,n- 

Projecting (3.35) on S and using (3.32) and (3.33) we obtain 
(3.36) 

Vn,nn\Sj = (^^Tc,Tc + V^^div fa)div n - {v ■ fa,n + V ■ n,r„ " <^lj7^rc),Tc 

- (v ■ fa,n + V ■ n^ra. " (^ij 7^t„ )div Tq, - v^-^ (div fa),n, 3 = 1, 2. 

Calculating Vn,nn\s from (3.36), Vn,n\s from (3.32) and fr„,n|s from (3.33) 
and inserting them into (3.34) we obtain 

(3.37) n- Av\sj = ajai3VT„,Ti3 + aj -v, j ^ 1, 2, 

where for Sj G C" we have that a^ap e C^'^, aj e C"-^, j = 1,2. 
From (3.30), (3.31) and (3.37) we obtain (3.29). This concludes the proof. 
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Now we estimate the norms ||p||L^(nt-), a = |, 2. For this purpose we 
examine problem (3.29). Let G be the Green function to the Neumann 
problem (3.29). Then any solution to (3.29) can be expressed in the form 
(3.38) 

p{x,t) = J G{x,y)[-Vg ■ vt - div {gv ■ Vv) + div {gf)]dx 



Q, 

2 



- E/ ^i^^y)[~^^ ■Vv-n + iyajai3Vr„,T^ + ^cij ■v + gf ■ n]dSjy. 



Integrating by parts in the second and the third expressions of the first 
integral and in the second expression of the second integral of (3.38) we 
get 

p{x, t) = j [G{x, y){-Vg ■ vt) + {gv ■ Vv - gf)VyG{x, y)]dy 

Q 

2 r 

~ E y ^^^^^ 2/)[-^«ia/3..^'f^T„ + ■ v] 



(3.39) 

j=-i-S 

- iyG{x,y)^rpajapVr^}dSjy. 

Lemma 3.11. Assume that v e W^jl{n'^), g e Loo{0,T;W^{n)), v e 
V^{Q'^), f e 15/3(0, T; Li5/i4(l])). Then the following inequality holds 

^ ^ \\p\\L,/s(Qn ^ ^'^Ww^'^jnT) + cg*Jvt\\L,/s{nn 

(3.40) 

+ C{l/S, g*)d3 + C^*||/||L6/3(0,T;Li5/i4(n)), 

where e e (0, 1). 

Proof. By the properties of the Green function we obtain 

\\p\\L^/sm < c[g*Jvt\\L^/,(^n) + g*\\v -VvWL.^in) + g*\\f\\L^^{n) 



T3 T3 



+ IPllw/l-l4/ir, J 



< c[gl\\vt\\L,^^(n) + g*\\v ■ Vt;||L,3/,4(n) 
+ ll^'llM/ig/,,(n) + P*ll/llLi5/i4(o)] 

< c[^;||ft||L5/3(n) + ||L30/13(n)II^^IU2(n) 

+ \Mwl {n) + Q*\\f\\L,,/,^{^l)]■ 
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Integrating with respect to time we get 

lbllL5/3(n^) < 4Q*xht\\L^/s{^T) + Q*\\v\\L^^^o,T-L3om)\\^v\\L^^nT) 
+ lbllL6/3(0,T;Wi5/jjn)) + ^*ll/l|L6/3(0,T';Li6/i4(f^))]- 

By certain interpolation and the energy type estimate we obtain 
(3.41) 

lbllL5/3(f2^) < 4v\\w^,i^nT) + cgl\\vt\\L,/,(aT) 

+ C{l/e, ^*)||w|U2(0,T;Hi(n)) + C^*ll/lk5/3(0T;Li6/i4(n))- 

In view of (3.10) we get (3.40). This concludes the proof. 
Next, we have 

Lemma 3.12. Assume that v e Loo{0,T; Lsii'l))nV^{n'^), vt G ^2(0^), 

/eL2(0,T;L6/5(n)). 

Then the following inequality is valid 

(3 42) 11^^11^2(0^) < cQ*x\\n\\L2{fi^) + c{g*\\v\\L^^o,T-Lsm) + l)c^3 

+ C^*||/||L2(0,T;L6/6(n)))- 

Proof. By the properties of the Green function we have also 

Wph^m < cglWvth^^n) + cQ*{\\v ■ Vw||i,g/g(n) + Wfhe/sm) 

Integrating with respect to time is the L2-norm and using the Holder 
inequality we obtain 
(3.41) 

+ C^*||/|U2(0,T;Le/5(f2))- 

Using (3.10) we get (3.42). This concludes the proof. 

4. Estimates 

First we obtain an estimate for solutions to problem (3.19). 
Lemma 4.1. Assume that g e Loo(0, T; W^(l])), = 

g e C"(l]^), v' = {vuV2), v' e L5(l]^) nLoo(0,T;L2(l)))n W^2''^'(^^^). 
v', e L2(0,T;L6/5(f])), Vv' e L2{^,T- L^{Q)), h e L^{Q,T-L^{Q)), F e 
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L2{0,T;Le/^{n)), f e L2{0,T; L^/.m, f = (/i,^), x(0) e L^in). As- 
sume that v is a weak solution to problem (1.1). 
Then solutions to problem (3.19) satisfy the inequality 

(^l\\x\\vO{Qt) < C^*"^3(||/i||L^(0,t;L3(S^)) + II II L2(0,t;L6/s(n)) ) 
+ C^»*(||/'||L2(0,t;L6/5(n)) + ll^tllL2(0,t;Le/5(n)) 

(4.1) + d2\\^v'\\L^(^o,t-L-,m)) + c^*IIx(0)||l2(o) 

+ ll^1lTV^i.V2(n*))' ^ ^ ^' 

(7i = min{^*, v}, (f is an increasing continuous positive function. 



Proof. Multiplying (3.21) i by x', integrating over Q, using the continuity 
equation (1.1)2,3 and the boundary conditions yields 

^ J QX^dx + u J \Vx'fdx = J ghsxx'dx 
n n n 

(4.2) -J Qv-Vxx'dx + J g{F - V3^a:ih2 + V3^a:2hi)x'dx 



Q Q, 



+ J [Qxi (/2 + V2,t + V ■ VV2) - g,x2 (/i + vi,t + V ■ Vvi)]x'dx. 

Now we estimate the particular terms from the r.h.s. of (4.2). The first 
term we estimate by 



^Ilx'llie(n) + c(l/e)^*1|/^3||i3(0)llxlli2(0), 

the second we express in the form gv ■ Vx'xdx + JqV ■ V gxx'dx and 
estimate by 

^l|Vx'|lL(n)+c(lA)(p*' + ||Vp||i3(^)||^x|lL(a)), 
the third by 

^llx'llie(O) +c(l/e)^*'(||F||i,/,(0) + ll^3,.'|lL(0)l|/^'llL(0)), 

where h' = (/ii, /i2) and finally the last by 

^IIX'IIL(O) + (||/'|li,/,(o) + ll^;ilie/a(n) + lbllL(0)l|V^'||i3(o)). 
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Using the above estimates in (4.2), assuming that s is sufficiently small, 
integrating the result with respect to time and using Lemma 3.5 we obtain 

(^i||x'llvo(n*) < c^*^c?3(ll^llL(o,t;L3(n)) + Ilxlli5(nt) 

+ ll-^llL2(0,t;L6/5(O))) + C£'^^(ll/'llL2(0,t;L6/5(O)) + \Wt\\\2{0,t-Le./^{n)) 

+ dl\\x\\l,,^n^) + ^^il|Vt;'||i,(o,t;L3(n))) + P*'llx(0)||L(n)- 
In view of the relation between x ctud x' we have 

(Tillxll^O(ot) < C^*'c?l(||/i||L(o,t;L3(n)) + ll^llL(0,t;L6/6(n))) 

+cgf{\\nu,, 

+ 4l|Vt;'||L(o,,;^3(a))) + ^*'llx(0)||L(o) 
+ c{g*^ + Q:^)dl\\x\\l,(n^) + ^iMyo^n^y 

For solutions to problem (3.20) we obtain (see [Z6]) 

(4.4) \\x\\L^{0,T;L2m < 'fiQ*,Q*, ||^||^„^^^^^)ll^^'l|L^(0,T;L2(n)), 

where (f is an increasing continuous positive function. 
Using (4.4) in (4.3) implies (4.1). This concludes the proof. 
Next we shall obtain an estimate for solutions to problem (3.17). 

Lemma 4.2. Assume that v is a weak solution to problem (1.1). As- 
sume that g e L2(0,T;L6/5(n)), h{0) G L2(0), /s G L2{0,T; 1^/3(82)), 
f G L2(0,T;L6/5(n)), Vt G L2{0,T; L^/^m, v G L^{0,T; Ls{n)), g G 
L^{0,T;WU^)). 

Assuming additionally that h G Loo(0,T; L3(0)) we obtain 



+ ll^lli2(0,t;L6/6(n))) + C£'^^(ll^*lli2(0,t;L6/6(n)) 
+ C^3ll^lli^(0,t;L3(n)) + ll/lli2(0,t;L6/5(n))) 

+ c(||/3|lL(o,t;L,/3(S2)) + I|/^(0)lli2(n)), t < T, 
where ai and the same as in Lemma 4.1. 

Replacing the condition h G Loo(0, T; L3(n)) by v e L2{Q,T;Wl{9)) we 
have 

^7il|/il|^(,(f^t) < cexp(||Vz;||i^(o,t.i3(n))) 

(4.6) • [||^|li2(0,t;Le/a(O)) + WKml^i^l) + (ll^t llL(0,t;Le/a(n)) 

+ C^l||^^||i^(o,t;L3(n)) + ll/llL2(0,t;L6/5(n)) + ll/3|li2(0,t;L4/3(S2))]' 
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where t < T. 



Proof. Multiplying (3.17)i by h, integrating the result over Q. and using 

the continuity equation (1.1)3 we obtain 

(4.7) 

1| j Qh'dx+'^WBml^^^- J n-T{h,q)-hdS 



n 



= — J gh ■ Vv ■ hdx + J ' ~ J Q,xz [vt+v- Vv — /) • hdx. 



The boundary term in (4.7) equals 



\h ■ TapdS'i — / qhsdS2 = / 



2 

Si S2 

so the second term in / is estimated by 

£||^lll^i(0)+c(l/£)||/3||i,(5,)- 

The first term on the r.h.s. of (4.7) we estimate in two difi'erent ways. 
Either by 

(4.8) e||/.||i^(„) + c(l/e)^*2||V^||i^(^)||/.||i3(„) 
or by 

(4.9) £||/i|lL(Q) + c{l/e)g* | Qh^dx\\Vv\\l 

h 



The second term on the r.h.s. of (4.7) we estimate by 

£||/^lli6(Q) + c(iA)^*'blli,/,(Q) 

and the last by 



e||/^llie(0) + c(l/e)^f (||^t||i,/,(n) + 11^ • V^||i,/,(„) + ||/||i,/,(o))- 

Using he above estimates in (4.7), assuming that e is sufficiently small, 
using Lemma 3.5 and integrating with respect to time we obtain (4.5) in 
the case (4.8) and (4.6) for (4.9). Let us mention that the time integral of 
the first term in / is deleted. This concludes the proof. 
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Let us consider the elliptic problem 

vi,x2 - V2,xi =X in fi', 
(4.10) + f 2,X2 = -/i3 in ^' , 

v' ■ n\s[ = 0. 

Let P be a plane perpendicular to the axis of the cylinder. Then Q,' = 
nnP, S[ = SiHP. 

In view of (4.1) and (4.5) we obtain for solutions to problem (4.10) the 

inequality 

(4.11) 

h'Wviin^) < y^{Q*,Q*, \\Q\\^^^^^yd3)[\\h\\L^{o,uL-,m 

+ \W\\Ln{Qt) + \W\\w^-y\Qt) + Gl{t)] + Cgl[d2\\Wv'\\L^^o^t;Ls{Q)) 

+ |bt||L2(0,t;L6/5(n)) + ||Vv'||L2(0,t;L3(n)) 

+ \ML^(0,t;L3(Q)) + ll/IU2(0,t;L6/5(n))]' t < T, 

where 

(4 12) ^^^^^ " \\F\\L2{0,t;Le/6m + lblU2(0,t;L6/5(n)) 

+ ||/3||L2(o,t;L4/3(S2)) + llx(0)||L2(n) + 11^(0) ||L2(n) • 

Applying interpolation inequalities in (4.11) (see [BIN, Ch. 3, Sect. 10]) 
implies the inequality 

+ lb'llL2(n;/fi/2(0,t)) +d3 + Gi{t)] 
(^•1^) + CQ*x[\\n\\L2{0,t;Le/5m + \ML^{0,t;Ls{Q)) 

+ \\f\\L2{0,t;Le/5{(l))]- 

In view of (3.23) we have 

+ ^l(||^^t||L2(0,t;L6/5(fi)) + l|f^lUoo(0,t;L3(n)) 

+ ||V^'|U,(o,t;L3(n))) + G'2(t)], t<T, 

where cr > |, 

(4.15) G2{t) = Gi{t) + \\f\\LMLe/,m + d3 
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and Gi is defined by (4.12) and Xi by (3.22). 
Now, we consider problem (1.1) in the form 

gvt — divT(f ,p) = —gv' ■ Vf — gvsh + gf, 
div V = 
(4.16) v-n\s = 

n-T{v,p) -fa + Sij^v -falsj =0, a = 1,2, j = l,2, 
v\t=o = v{0). 

Lemma 4.3. Assume that f G 1.2(0^), vq E H^{n), v E W^'^'^^in'^), 

(T > I, g* < g < g*, ^x(O) e L^{n), h e Loo{0,T; Ls{n)) n Lw{n^). 

Then for solutions to (4.16) the foUowing inequahty holds 
(4.17) 

where Xi is introduced in Lemma 3.9 (see (3.22)), 

H = ||/i||L<^(0,T;L3(n)) + ll^l|Lio(n^)> 

"3" 

^g^ G = ||/||L2(nT) + IbollHi(n) +d3+ \\F\\L^^o,T;Le/5{^)) 

+ llf l|L2(0,T;L6/5(n)) + ll/3|U2(0,T 
V = ll^tlUaCn'^) + lkllLoo(0,T;L3(n)) + \\^v'\\L^^o,T-L3{n)) 

and (f is a generic function described by the r.h.s. of the above inequality. 

Proof. From (2.5) (see Lemma 2.3), energy estimate (3.10), 
/' = —gv' ■ W'v — gvzh + gf we obtain 

Mwl'liiiT) + \\^P\\L,/,{nT) 
(4.19) < ||L5/3(n^) + lbllL,/3(n^) + ^*l|f'llLio(n^)^^3 

+ ^*C^3||/i||Lio(n^) + ^*ll/lk6/3(nT) + IbollvK^Sm)], 

3 5/3 

where we used that 

hMh^/sinT) < lb3||Lio/3(n^)II^IUio/3(n^) 
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and we introduced the quantity 

(4.20) $ = ip{g,,g*,if{T'/^\\v\\^.,./2^^^^)X^,d3). 

In view of the imbedding (see [Z3, Lemma 3.7]) 
(4-21) ll^^'IUio(n^) <c\W\\viian^ 

notation (4.18) we obtain, from (4.19) after some interpolations, the in- 

equahty 

(4.22) 

< miPh^/si^^T) + H + Xi{\\vt\\L,(0,T;L,/,m + \\v\\L^iO,T-Ls(Q)) 
+ I|V^'|U,(0,T;L3(S.))) + G'3], 

where 

(4.23) Gs = G2 + ||/||l,/3(o-) + ll^o||^4/a . 

5/3 ^ ^ 

and G2 is defined by (4.15). 

In view of (3.40) we obtain from (4.22) the inequahty 

(4.24) ^'-^ 
Using (4.24) in (4.14) yields 

(4 25) W'^'Wv.^^n ^ m + Xi{\\vt\\L,,,iaT) 

Prom (2.5) (see Lemma 2.3) we have 

ll^llivl'i(n^) + l|Vp||L2(nT) 

(4.26) < ^T'/^v\\L^^nT) + Wph^inn + Q*\\v' ■ Vz;|U,(ot) 

+ Q*\\vsh\\L2{n^) + Q*\\f\\L2{nT) + IkollHi(fi)], 

where the third and the fourth terms we estimate by 

-VvWl^^qt) < \\v'\\LMnt)\\v\\^2 i,^T., 

(4.27) 
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Using the energy estimate (3.10), (4.27), (4.24), (4.25) and (3.41) in (4.26) 
we obtain 

(4.28) <$[i?^ + X,2(TV6||,j2^^^^,^ + ||,||2^^^_^^^^^^^^^ 
where we used the estimate 

and 

(4.29) G4 = + ||/|k,(nT) + \\vo\\min), 
where Gs is defined by (4.23). 

Since G4 < cG we obtain from (4.28) inequahty (4.17). This concludes 
the proof. 

Now we increase regularity from Lemma 4.3 up to f e W2~^^'^''^^^'^{0,'^), 

S + 2 > CT > f. 

Lemma 4.4. Assume that s G (^, l), is a weak sohition to problem 
(1.1), < Qo < Q*, qM e L^(0), V e W^2'+^''+^/'(0^), 

h e Loo(0,T;L3(O)) nL^(n^), / e w^''/\n^), vo e W^+%Q), f e 

L2{0,T;Wl/,{n)). Then 
(4.30) 

< V?(Ph<, g*,t^{T^^'^\\v\\H2 + s,l + s/2(^^T-j)Xl,d3)[Lp{\\v\\H2 + s,l + s/2(^QT-j)X2 
+ ll'^llii'2 + s,l + s/2(f2T)Xl + (p{H + \\v\\jj2+s,l + s/2(^QT^Xl + G, ds) 

+ K], 
where 

K = \\f\\w;'''/^{Qi') + ll^o|lw^i+«(n) + ds, 

X2 = X, + \\g.M\\L,(n) + Wdt^'Q.miLA^i)^ 

where q < s e (1/2, 1), 3/2 - s < 3/g < 1/2 + 3/r, r <6,G, H are 
dehned by (4.18). 



Proof. From (2.6) we have 

||i;||jfs+2,3/2+l(fiT) + ||Vp||jfs,s/2(nT) 

(4.32) < ^ds + |b||i?.,./2(nT) + \\gv ■ \/v\\hs,s/2^qt) + ||^/||ij«.«/2(fiT) 
+ ||^^o||ifi+''(n)], 



23 



Z83 7-2-2012 



where $ is defined by (4.20). 

Since QxiQt G L^{Vl^) and since we are interested in the case s < 1 we 
have 



+ Q^'Wv ■ V^;||j^s.«/2(nT). 



To estimate the last term in (4.33) it is sufficient to examine the highest 
order terms. First we use the sphtting 

(4.34) \\v ■ Vv\\hs,s/2^q) = \\v ■ Vi;||i,2(o,T;H-(n)) + \\v ■ ^v\\L2{'a;H-/^{Q,T)y 
It is sufficient to examine only one norm. Therefore, we consider 

lb-Vv||L2(o,T;H-(n)) = WxVVv\\L^(Q,T) + \\vVdlv\\L^(Q,T) + \\v-Vv\\L^(Q,Ty 

Hence we examine only the first two norms. By the Holder inequality we 
have 



(4.35) 



where xi = < 1 and there is no restrictions on s G (1/2, 1). 
Similarly, we have 



(4.36) 

^ [^2 '^MI'f^llH2+^,i+^/2(nT) +c£2*''lbll-L2(n^)]|bll-H'2,i(nT). 



Next 

(4.37) lk/||H«,«/2(nT) < {qI + qI + ^*)||/||//.,./2(nT). 
Finally, we examine the term with pressure. We have 

(4.38) lbllH-.-/2(nT) = |b||L2(n;H-/2(o,T)) + lblU2(o,T;H«(n))- 
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Applying 5*^^ to (3.39) and integrating the result over f2* yields 



\\d'J'^p\\L^m < c 



(l|5t/'(V^^t)|lt(o) 

1/2 



< c 



6/5^ 
t 







< 



c{snp\\df\gh,,(^n)\\vt\\ 

+ {Q*x + )[SUP \\v\\L2{n)\\^v\\L2(0,t;Ls{Q)) + \\f\\L2{0,t;Le/,{n))] 

+ ^*(sup||ai/\||^3(n)||V'y||L,(nt) +sup||'y||i2(n)||a;*/V'y||L,(o,t;L3(n)) 

+ ll^f VlU2(0,t;L6/6(n))) + ll^f Vv|U,(o,t;L6/6(n)) 
+ l|5t^^^l|L2(0,t;L6/5(n))} = A, 

where 1' > 1, 2' > 2 but arbitrary close to 1 and 2, respectively. 

Using interpolation inequalitites (see [BIN, Ch. 3]) and the estimate 
for the weak solution we get 

ll^t^VlUaCn*) <h< c(sup \\dt^'^ga;\\L^,(^i) + gl 
(4.39) + g* + e)VM + 4, g^ds + \\f\\ 

where we used the notation 

Vs(T) = ||v||^2+s,l+s/2(nT). 

To estimate the norm sup we differentiate (1.1)3 with re- 

spect to dl^'^dx, multiply by dl^"^ dxgldl^"^ dxgY~'^ ■, use (1.1)2,4 and inte- 
grate over n. Then we obtain 



d 



\ 1/^ 



(4.40) 
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Integrating (4.40) with respect to time yields 



(4.41) 



\\d!^'Qx{t)\\LAn)<ew(^J 11^.(^0 II L^(0)rft' 



n 

t 

+ el f \\dt^'vx\\LA^)dt'+\\dt^'gx{0)h^^n) 



On the r.h.s. of (4.41) some norm of g^x appears. To estimate it we 
differentiate (1-1)3 twice with respect to x, multiply by gxx\Qxx\'^~^j use 
(1.1)2,4 and integrate over ft. Then we obtain 

d.. ,, ^ ,, 

-j^\\Qxx\\Lq{Q) < |Pa;||Loc(n)||£'a;a;||Lq(n) + ^'a;l|■^a;a;||L<,(^^)• 
Integrating the inequality with respect to time yields 



(4.42) 



t 

\Qxx{t)\\L,ia) <exp(^J \\vx{t')\\L^^n)dt' 



Q*x J \\Vxxit')\\L,i^l)dt' + ||fecc(0)||L,(n) 



Now we have to determine r,q in (4.37), (4.38), respectively. 

Looking for v e iy«+2'«/2+i(QT) ^^la^ ^ L2{0,T; Lg{n)) with 



q< -T. 



Hence, (4.42) implies that g^x e Loo(0, T; Lq(fi)), q < 3/(3/2 -s)- Esti- 
mating the first term under the square bracket in (4.41) by 



t 

\\Qxx\\L^{0,T;L,^^{a)) J H^t ^^"^ IIl,;,^ (") 


< c{T)\\gxx\\L^(0,T;Lg{n)) \\v\\hs+2,s/2+1(^^T), 



we need 1/Ai + I/A2 = 1, 9 = ^-Ai, | - ^ < 2. 



Hence 



3 3 13 

s< <- + - 

2 - rAi - 2 r 
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which imphes the restrictions 

(4.43) l<s+-, r<q. 

r 

In view of the above considerations we express (4.42) in the form 

\\Qxx{t)\\L,{Q) < exp(||^;a;||L,(o,t;L^(n))) 

• [£'x*^^^ll^lli?2+«.i+=/2(nt) + ||£'a;a;(0)||Ljn)], 

where 

(4.45) 9 < 3^- 

2 * 

Using the notation 

(4.46) Vs{T) = II 
we have 

(4.47) \ML,io,TMn)) < cTVV,(T), for s > \. 

Using (4.44) in (4.41) and using that the second term under the square 
bracket in the r.h.s. of (4.41) is estimated by 

c{t)Vsit) 

under the assumption 

(4.48) r < 6, 
we obtain from (4.41) the inequahty 

\\dfQ.{t)\\LA^) < exp(ti/V,(t))[exp(tV2y^(^)) 

(4 49) 

+ Qlt'^^V,{t) + \\dt''QM\\LA^)] 
< <p{t'/^VsmQlt''^Vs{t) + ||^..(0)|U,(a) + ||a,^/'^.(0)|U.(O)], 

where 3/2 - s < Z/q < 1/2 + 3/r. 

Employing (4.49), (3.25) and (3.26) in (4.39) we obtain 

\\dl'''p\\L,iiV) < </?(t^/V,(t)Xi,^„^*,rf3) 
(4.50) • [(X2 + e)t^'^Vs{t) + ^(l/£, ds, Q., ^*)(||/||L.(0,t;Le/5(^^)) 

+ l|5t/VllL.(nt))]. 
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Now we examine ||p||L2(o,t;H«(n))- Applying to (3.39) and taking the 
L2(fi) norm we obtain 

\\d'^p\\L2{n) < c(|bx||L2(n) + \\p\\l2{Q)) < c{\\Vgvt\\Le/nm 
+ \\QvVv\\L^(^n) + WQfh^m + ||'y||^2-i/2. J 

< CQl\\vt\\Le/d^) + CQ*\\v\\LsiQ)\\'^v\\L2iQ) 



+ cg \\j\\L2in) + c\Mwi{Q)- 
We obtain from (4.51) after integration with respect to time the inequahty 

\\P,x\\L2{nt) < cQlVsit) + (^(rfs, Ql){£Vs{t) 
+ c(l/£)d3 + ||/||L.(o*)). 

Using (4.33)-(4.37), (4.50) and (4.52) in (4.32) imphes the inequahty 
(4.53) 

||i;||jf2+3,l + «/2(nT) + ||Vp||^a,a/2(nT) 

< (^(tVV,(T)Xi, g,, g*,d3)[iX2 + e)TVV,(T) 
+ (p(l/e, d3)(\\v\\H2,i(QT) + ||/||ij«,«/2(nT)) + (p{l/e, g*, g*, ds)]. 

For sufficiently small e and (4.17) we obtain (4.30). This concludes the 
proof. 

Remark 4.5. In formulas (3.25), (3.26), (4.41) and (4.44) we have the 
expression 

t 

/(t) = exp J \K{t')\\L^^n)dt'. 



In view of the imbedding 

\ML2io,T;W^{n)) < cVs{T), s > ^ 

we obtain the estimate 

I{t) < exp{ct^/^Vs{t)), t < T, 

which is not convenient because factor t^^'^ appears under the exponent 
functions. The difficulty can be cancelled in virtue of the assumption 

1 < Iblki(n)- 
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The above inequality is not restrictive because the case < 1 

imphes in view of Lemma 3.5 the following estimate for solutions to prob- 
lem (1.1) 

\Mw^'\nT) + II Vp||L2(nT) < v7(^H<, g\ ds, e^^) 
•[||/||L.(a-) + 11^(0)11^1(0)], c>0. 

Hence regularity iy*+^'''/^+^(f2^) follows immediately. In this case the 
constant in the above estimate depends on time but this does not imply 
any restrictions on magnitudes of the data. 
Now we pass to problem (3.17). Then we have 

Lemma 4.6. Assume that ^ < a < s < 1 and a can be chosen as very 
close to s. 

Let us take Remark 4.5 under account and let 

,^ B = II^IU2(0,T;L6/6(n)) + ||/3||l2(0,T;L4/3(S2)) 

+ IIM0)|U,(O)<OO, 

be sufEciently small. 

Let f,g e L2{n^), h{0) e H\n), v e iy2+a,i+a/2^QT) ^^^^^ 5g 

the weak solution to (1.1) described by Lemma 3.5. Then solutions to 
(3.17) satisfy the inequality 



(A 55) M + ||VQ||L2(n^) < ip{g^, g*,(p{Va{T))Xi,d3) 

■MV,{T)){X^ + B) + Ko{T)], 

where Xi is introduced in (3.22) and 

(4.56) Ko{T) = |b|U,(n-) + ll/IU^CO-) + \\hm\HHn). 

Proof. For solutions to (3.17) we have 

||^||H2.i(f2T) + WVqWl^^^t-j < ip{g^, g*, ip{V^{T))Xi, d^) 
,^ „s ■ [h ■ V/i||L2(nT) + \\h ■ Vv\\l^(q,t-) + ||^||L2(n^) 

+ ^p{V,{T)X^)X^{\\vt\\L,inT) + \\v ■ V^|U,(ot) + H/IU^cn-)) 
+ \\hm\mi^)\. 

We need the inequalities 

(4 58) ' - ll'^^ll^3(n^) ll'f^lUeCfi^) 
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(4 59) ' '^^l'^^^"^) - ll^ll^6(n^) II Vt^lUsCn^) 

< £||/l||jf2.1(nT) + (p{\\v\\y^,2,l^^T))\\h\\L^^nT^ 



(4.60) ||V • Vv||i2(nT) < ||v||i^(nT)||Vv||i2(nT) < d3||v||^2+a.l+a/2(nT). 

In view of (4.6) we have 

\L,in'r)<<p{Q.,Q*,d3)exp{V,{T))[B 



(4.61) 

+ ^l(K(T)+||/|U,(o,T;L,/3(S2)))]- 

Employing (4.58)-(4.61) in (4.57) implies (4.55). This concludes the proof. 
Finally, we have 

Theorem 4.7. Let assumptions of Lemmas 4.4, 4.6 hold. Let us take 
Remark 4.5 under account. Let 

(4.68) X = Xi + X2 + B 
Then for sufficiently small X the estimate holds 

(4.69) K(T) < ^{g,, q\ G, K, Ko,X,L), l<s< 1, 
where Kq is introduced in (4.56), K in(4.31), G in (4.18) and 

(4.70) L =: ||/3||L2(0,T;i/l/2(5)) + ||/||ii-«,«/2(nT). 



Proof. Applying a fixed point argument in (4.30) we obtain for sufficiently 
small X2 the inequality 

(4.71) VsiT)<<f{g,,g*,\\h\\H2,^aT),G,K,X2). 

Using (4.55) with a = s in (4.71) and applying again a fixed point argu- 
ment for sufficiently small X we obtain (4.69). This concludes the proof. 
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5. Existence 



We prove the existence of solutions to problem (1.1) by the Leray- 
-Schauder fixed point theorem. For this purpose we construct a mapping 
$ in the following way. 

Let V e W2+'''^+^/^(l]^), divv = 0,v- n\s = 0, cr e (1/2, 1) be given. 
Then g = q{v) is a solution to the problem 

(5.1) gt+v-Vg = 0, g\t=o = Qo- 
Let 

(5.2) v = ^{v,X) 

be a solution to the problem 

[^o(l - A) + Xg{v)]vt - divT(v,p) 
= X[-g{v)v-Vv + g{v)f] 

(5.3) divt; = 

V -7113 = 0, n-'D{v) -fa+^v -fals = 0, a = 1,2, 
v\t=o = vo, 
where A e [0, 1]. 

In view of Lemma 4.4, Remark 4.5, Lemma 4.6 and Theorem 4.7 we 

have 

Lemma 5.1. Assume thatvo e H^+'{n), vq^xs e H\n), f e H'^'/'^{Vt^) 
r\L2{0,T;Wl/^{n)), /,,3 e L2(ll^), s e (1/2,1), ^0 e W^{n), 3<q< 
2/2-s ■ Assume also that there exist positive constants g^ < g* such that 
Q* < Qo ^ Q* ■ Then the mapping (5.2) has a fixed point belonging to 

Remark 5.2. In Lemma 4.4 there is assumption that d^^"^ gx\t=o G -^r(^)) 
where r < 6 and is such that 1 < s + | for s G (1/2, 1), r < q. 
We see that the condition is satisfied in view of the relations 

goeW^ifl), r<q, voeH^+'iQ). 

We have 

ll^t ^^fe|t=o||L^(n) < c(||9t^x|t=o||L^(n) + ||^'x|t=o||L^(n)) 

,x\\Lj.{Q) 

< c(||i;o||i/i+^(n)||£'o,a;||wi(n) + ||£'o,x||L,(n))- 
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Proof of Lemma 5.1. In view of the a priori estimate (4.69) we have 
toexamine the other assumptions of the Leray-Schauder fixed point theo- 
rem. 

For A = we have the existence of a unique solution. 
We have that 

< go{l - X) + Xg{v) < g* 

since go is continuous and go e Wp{fl), p > 3 we have that g = g{v) is 
continuous because 

\\gx{t)\\L^(Cl) < exp(||5||i^(o,t;L^(n)))||£>x(0)|U^(f2), 

(5.4) \\gtit)\\L^(n) < ||^^||L^(a*)Sup||^^||L^(n) 

< \\v\\l^{q*) eM\ML^{o,t■,L^{n)))\\gx{0)\\L^iQ)■ 

Then 
(5.5) 

\g{x,t) - g{x',t)\ \gixi,X2,xs,t) - g{x[,X2,xs,t)\ 

sup ^ j;-;-^, < sup 

3C y 3C ^ i 



+ sup 
+ sup 



x-x'\^/p' - ' \xi-x'-,\'/P' 
\g{x'-^,X2,xz,t) - g{x'^,x'2,xz,t)\ 

\X2 - ^l^/P' 

\g{x'-^,x'2,x:i,t) - ^(a;;,4,4,t)| 



< 



sup ^ y \gz{z,X2,X2„t)Y'dz^ +s\ip^J \gz{xi, z, X3,t)\Pdz^ 

- i/p 



+ sup(^J \gz{xi,X2,z,t)\^dz^ <csup||£i; 



where x\ < Xi, i = 1,2,3. Moreover, 
(5.0) 

t' 

Hence we have continuity of g if gx{0) G Loo(n). 

Assuming that i) e +'''^+''/^(n^), a e (1/2, 1) we show that 

where 1 > s > a. 
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We have to assume that u > 1/2 because we need the imbeddings 



||l5||Lo<,(nT) + \\Va;\\L2{0,T;L^{n)) < c\\v\\^2+a,l+cr/2^^Ty 

Hence, we have shown that 
(5.7) 

$ : W^+''''+''/\Q^) X [0, 1] ^ W^+'''+'/^iQ^) c W^+''^'+''/\Q^) 

where the last imbedding is compact. Then mapping $ is compact. 
To show continuity of mapping $ we introduce the differences 

(5.8) V = Vi-V2, V = Vi-V2, P=pi-P2- 

Then (V^, P) is a solution to the problem 
(5.9) 

[^o(l - A) + Xg{v2)]Vt - divT(y, P) 

= -X{g{vi) - g{v2))vit - {g{vi)vi ■ Vvi - g{v2)v2 ■ Vv2) 

+ (^(^^i) - g{v2))f, 

div V = 0, 

V -1113 = 0, n-B>{V)-fa + Sij^V -fals, =0, a = 1,2, 3 = 1,2, 
V\t=o = 0. 

Prom (5.9) we have 

(5.10) ||F||^2+s,l+s/2^^3,^ < <^(^)||F||^2+a,l + a/2^^T^, 

where 

2 

XI ll^illlv2+«.l+=/2(fiT) < ^, 

i=l 

where the last estimate is shown in Section 4. 

Let us examine continuity of $ with respect to A. For this purpose we 

examine 

(5.11) 

[£>o(l - K) + Kg{v)]vit - ^yvT{vi,Pi) 
= \i[-g{v)v ■ Vv + g{v)f], 
div Vi = 

n-Vi\s = 0, n-'D{vi)-fa + Sij'yvi-fa\sj =0, a = 1,2, i = l,2, 
where z = 1, 2. 



33 



Z83 7-2-2012 



Introducing the differences 

(5.12) V = vi-V2, P = pi-P2, A = Ai-A2 

we see that they satisfy the problem 
(5.13) 

bo(l - A2) + X2Qiv)]Vt - divT(F, P) 
= A{go - g{v))vit + A{-q{v)v ■ Wv + g{v)f), 
div = 

V-n\s = 0, ■!]){¥)■ fa +5^j^V-f^\s,=0, a = l,2, j ^ 1,2, 
V\t=o = 0. 



For solutions to (5.13) we have 
(5.14) 



)A. 

Hence, the continuity with respect to A follows. 

Applying the Leray-Schauder fixed point theorem we prove Lemma 5.1. 
This concludes the proof. 

Now we prove uniqueness 

Lemma 5.3. Assume that g* < g < g* , g E L2(0, T; i7^(0)), v E 
H'^'^{Q^), f e L2{^^)- Then we have uniqueness of solutions to problem 
(1.1). 



Proof. Assume that we have two solutions {vi, gi,Pi), i = 1,2, to problem 
(1.1). Let 

(5.15) V = vi-V2, R=gi-g2, P = Pi-P2- 

Then functions (5.15) are solutions to the problem 
(5.16) 

QiVt + givi -VV + giV ■Vv2- div T{V, P) 

= Rf - R{v2t + V2-Vv2), 

div V = 0, 

giRt + Qivi ■ Vi? + giV ■ Vg2 = 0, 

V -7113 = 0, {iyn-T{V,P)-fa + Sij^V-fa)\s,=0, a = 1,2, j = 1,2, 
V\t=o = Q, R\t=o = 0- 
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Multiplying (5.16)i by V, integrating over Q, and employing the equation 

of continuit for gi and using the Korn inequality we obtain 

(5.17) 

n Si 
<- Jv-Wv2- Vdx + J Rf- Vdx - J R{v2t + V2 ■ VV2) ■ Vdx. 

The first term on the r.h.s. of (5.17) is estimated by 



the second by 



4V\\l,i^ci)+c{l/e)\\Vv2\\l 3(n)ll^lli2(n): 



^llv^llL(o) + c(i/£)ii/iiL(o)l|i?lli3(o) 



and the last by 

4(f2))ll-^lli3(f2)- 

Using the estimates in (5.17) and assuming that e is sufficiently small we 
arrive to the inequality 

d f 

- / ^iV^'cZa;+||V|||,(^)<c||V^2||i3(fi)||V^|lL(0) 

(5.18) 

+ c(||/|lL(o) + ll^2t||i,(o) + ll^2||i4n)||V^;2||i,(fi))||i?||i3(o). 

Multiplying (5.16)3 by R^, integrating over Q and using the equation of 
continuity for gi yields 

(5.19) ^ ^ / ^1^^^^ =- J 0iV- Vg2R^dx. 

n 

Estimating the r.h.s. by 

/\ 1/3 / f \ 2/3 

\V-Vg2?dx\ n{g,Ry^dx\ 



Q. Cl 

<'p{Ql\\V\\L,(ii)\\VQ2\\L,m{^j giR^dx^ ' 
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we obtain from (5.19) the inequality 
(5.20) 

2/3 / r \ 



j^(^J giR^dx^ < v{Q*W\\Lem\\'^Q2\\Le{n)(^J giR^dx^ 
< 4V\\l,^n) + ^(IM V^2||L(o) ( / QiR'dx^ 



Adding (5.18) and (5.20) with s sufficiently small and defining the quan- 
tities 

2/3 



Y{t) = j QiV^dx QiR^dx^ , 



A{t) = l|V^2||i,(n) + ||^2t||i,(n) + ll^2||i4n)||V^2|lL(n) + ||/|lL(n) 
we obtain 

(5.21) jY < ip{Q* , e,)AY 

Hence for I = Jq Adt < oo we have uniqueness. 
Moreover, we see that 

I < l|£'2||i2(0,T;i72(n)) + lb2||li-2,i(nT)(l + 1^2 ||lf2,i (j^T) ) 

+ ll/llL2(n^) < oo. 
This concludes the proof. 

Remark 5.4. The assumptions of Lemma 5.3 are satisfied in view of the 
assumptions of Lemma 5.1. 
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